The management of energy and water is increasingly gaining attention among domestic end-users. In developing countries, potable water supply is unreliable leading to alternative strategies such as rooftop water harvesting (RWH), storage and pumping. Since urban garden irrigation is the highest outdoor water consumer, optimal scheduling is important to conserve energy and water over conventional lawn irrigation methods. A model to optimally control the lawn irrigation was developed with the simulation results showing 17.4% potential water savings when using water directly from municipal sources. With RWH of a 1-hr event with 1-mm rainfall from a 120-m 2 roof, the model can potentially save 23.4% of water and 73.8% in energy costs per day. Such savings are important in reducing the demand for existing water and energy sources as well as greenhouse emissions. Further, this paper looks into two strategies to maximize the pump's life through minimizing the maintenance cost.
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Introduction
Water and energy are vital resources for human for survival facing immense challenges [1, 2] . Existing potable water supplies are fast reaching their limit whereas water demand is rapidly increasing [3] . Worse still, rapid urbanization is increasing the strain to the water and electricity utilities especially in developing nations [4, 5] , like South Africa, which is a water-scarce country [6] . In reality, the demand for both potable water and energy in South Africa far outweighs the supply [7, 8] .
The Water-energy nexus is receiving increased attention [9] . However, domestic consumers are hardly aware of the direct and indirect benefits of the water-energy nexus savings at home [10] , such as; energy savings for purifying water, utility pumping and corresponding CO 2 reduction [11] , energy savings from the waste water purification and lower cost for potable water and waste water management [12] . Whilst most research in South Africa has concentrated on energy efficiency [13, 14, 15] and electrical demand side management [16, 17, 18] , little attention has been given to water demand management and its effect on energy consumption [19, 20] .
According to the Department of Water Affairs and Forestry (DWAF), although there is no consolidated database of information for water use from water utilities in South Africa, the national urban household water use is roughly estimated at 50% of the total water demand [21] . The outdoor water demand, mainly garden irrigation for those households with urban gardens [22] , is estimated to contribute 40-60% of the total household water demand [23] . Therefore, by increasing the efficiency of gardening water use, the consumption can be reduced by 6% to 30% of the total gardening water use 1 . The potential means of reducing this amount are: using water-wise plants, mulching, efficient irrigation systems, irrigation scheduling, rain water harvesting and recycling waste water [21] .
Research on irrigation scheduling in urban lawns has mainly concentrated on water conservation while rooftop water harvesting (RWH) of rain water has concentrated on making the water safe and reliable to the rural areas of South Africa [24, 25] . However, another benefit of RWH is improving water quality through runoff reduction [26] . Evapotranspiration based controllers are superior to time-based controllers in irrigation scheduling [27] . However, in case of precipitation, they are programmed by the manufacturers to pause for a certain period of days before resuming irrigation irrespective of whether the precipitation was sufficient or not [28] . In addition, the scheduling considered so far makes use of water solely from the utility [29] . Bocanegra-Martínez et.al. [30] designed an optimal rainwater collecting system in residential areas and showed its viability to use to meet certain residential water demands. However, the model was not optimized to specific end uses.
This paper reports the first attempt to design a practical and economically attractive optimal irrigation scheduling model using the harvested rain water and the TOU electricity price tariff. The harvested water from the rooftop is stored in a reservoir which only gets the potable utility water whenever the stored water has been depleted through the irrigation scheduling. There has been several studies seeking to address the reliability of RWH systems meant for supplying water to various demands like lawn irrigation and toilet flushing using solely the harvested water [31, 32] . The municipal water sources are used as a back up to improve the reliability of the system and ensure that the tank never runs dry. Further, optimal control strategy has the ability to predict the dynamics of water in the tank effectively minimizing the chance of spillage taking place. This paper presents an optimal scheduling breakthrough that can reduce both water and energy consumption leading towards achieving more sustainable buildings. Furthermore, the optimal model with RWH is useful in developing the nations' cities where utility potable water is unreliable due to the high demand that surpasses the existing supply infrastructure. This optimal model, if widely adopted, would reduce the demand for potable water and energy from the utilities, lower waste water drainage and purification cost and at the same time lowering the bills associated with both resources.
Model layout and formulation

Schematic model layout
The first model constitutes the sprinkler directly connected to the utility water as schematically shown in figure 1. In this case, the irrigation is controlled using the utility switch u 1 .
The schematic layout of the model for RWH system is shown in figure 2 . When the rain falls on the rooftop of a house, it is directed and stored in a tank reservoir placed on the ground. However, since it only rains for a certain period, the tank is also fed by utility water to supplement the harvested water if the stored water nears depletion and there is demand from the lawn vegetation. The main operational energy consumption for RWH systems come from ultraviolet (UV) disinfection and pumping water from the tank to the end use [33] . Only the pumping energy is considered in this paper as the intended water use doesn't require treatment but has low flow rate and head. The energy consumed by this pump is a function of the water consumed by the end uses it supplies [34] . Here, both the tank filling with municipal water and irrigation are controlled through switch u 1 and pump switch u 2 .
Model for optimal scheduling without rooftop water harvesting
The model involves scheduling for lawn irrigation making use of the utility water directly assuming that the water is always reliable and has the correct flow rate and feed to operate the sprinklers.
Objective function
The objective in this model is to minimize the cost of the water used to irrigate the lawn in order to maintain the water level in the soil within the required limits over the given control horizon [35] . In this paper, we consider an evaluation period of one day, or a full operation cycle of 24 hours, from 0 to hour 24 with a sampling period, t s , of 15 minutes. This leads to a total number of samples N = 24 t s = 96. Hence, the objective function, J, is,
where Q 1 (m 3 ) is the volume of utility water flowing in a sampling interval, p w (R/m 3 ) is the cost of water charged by the water utility and u 1 is the state of the solenoid valve used to switch on or off the flow of the water to irrigation. It is a binary control variable that assumes the values of 0 or 1 representing off or on states respectively. The authors acknowledge that Q 1 maybe practically variable. However, due to its complexity, we have, in this introductory work, assumed that it is constant.
Constraints
These are the limits that affect the operation of the irrigation system.
A Soil water balance
The FAO-56 Penman-Monteith equation is the standard technique for obtaining reference evapotranspiration, ET 0 , whose data is obtained from weather stations 2 . Crop evapotranspiration, ET c , obtained from ET 0 , results from the various water inefficiencies in various crops [36] . It is obtained as
where K c is the crop coefficient. Irrigation scheduling is meant to ensure that the soil doesn't dry beyond a certain threshold [29] . The amount of water held in the root zone available to the plant,
where FC (volume %) is the field capacity, PWP (volume %) is the permanent wilting point and R z (m) is the plant root zone. The amount of water allowed to leave the root zone without causing plant stress is the readily available water, RAW (m), [37] . Irrigation should be applied when the water level drops by a percentage known as the maximum allowable depletion, MAD (%), which is the amount of water relatively easily extracted by plant without causing plant stress [28] . The two quantities are related as follows:
This means that the amount of water that can be extracted from the soil by the plant, S (m) is such that
The plant water extraction then leads to a water balance such that
In this equation, all units are (m). Irrigation (I) aims to match the crop evapotranspiration (ET c ) losses and precipitation (P) added by adding sufficient water in order to maintain the water content within the acceptable range. In this paper, the precipitation mainly considered is rainfall. Therefore, the run-off, R o , and drainage, D r , are assumed to be negligible [29] making equation (6) to,
The dynamics of the amount of water in the soil can be expressed in discrete-time domain by a first order difference equation as follows:
But irrigation is provided through pumping the water. Therefore, the above equation can be rewritten as
where A lawn is the top area of the lawn being irrigated (m 2 ). The amount of water in one sampling interval, Q 1 , is assumed as constant throughout the control horizon. Therefore, only the status of the solenoid valve, u 1 , is the control variable. Therefore, by recurrence manipulation, the amount of water in the soil at the j th sampling interval can be expressed in terms of the initial amount of water in the soil S (0) as follows,
The water content must not exceed the FC and not allow more depletion than the MAD. By letting d l (m) = FC − RAW and d u (m) = RAW, inequality (5) can be expressed as,
where d l (m) and d u (m) are the lower and upper allowable depth of water in the soil respectively.
B Watering restriction
High solar illumination coupled with water scarcity in South Africa has made some water utilities to ban garden watering between 11:00-15:00 hours 3 since most of the water would be lost to the high evaporation. This is modeled as below.
C Boundaries
The utility water switch is bounded between 0 and 1 representing off and on status respectively.
Algorithm
The generalized optimization formulation of a linear problem is to minimize f T X subject to inequality constraints (AX ≤ b), equality constraints (A eq X = b eq ) and the upper and lower bounds of the control variable (L B ≤ X ≤ U B ) [38] . Vector X contains the variables being controlled, where in this case, it contains the status of the solenoid valve controlling the irrigation events using the municipal water. A and A eq are matrices while f, b, L B and U B are vectors which are obtained as follows.
and from objective function (1),
If we denote
. . .
then the inequality constraints (11) can be written in the standard form of matrix A and vector b as,
Similarly the linear equality constraint (12) where irrigation is banned is between 11 th hour and 15 th hour can be represented by 
and the boundary conditions are represented by low and upper bounds:
This optimization problem is solved using the COIN Branch and Cut (Cbc) solver 4 , in the Matlab interface OPTI toolbox 5 preferred for its high solving speed.
Model for optimal scheduling with rooftop water harvesting
Unlike the previous case, this model incorporates RWH involving an energy model of the pump subjected to the TOU tariff. The controller optimally schedules the on/off status of the utility valve and the pump based on the water restriction periods and the TOU tariff in order to minimize the cost of potable water and energy used. Hence, the water cost is conserved through using less water as well as shifting the irrigation to the low solar illumination periods. Likewise, cost of energy is reduced through using less energy to pump the water as well as load shifting by the TOU tariff.
This model assumes that the utility water is not reliable to irrigate directly hence the need to store it too, as is the case in many developing nations.
Objective function
Here, the objective is to minimize the cost of water and energy consumed during the irrigation. The objective function, J, is therefore,
where α 1 and α 2 are dimensionless weight factors, p m is the pump's rating and p e ( j) is the price of electricity in a sampling interval. The weighting factors are chosen such that α = 1 and all the weights are positive leading to a convex combination of the objectives. The values assigned to these weights are chosen relative to the importance of each objective function [39] .
Constraints A Soil water balance
The soil water content in constraint (11) now becomes
B Tank's capacity
The volume of the water stored in the tank in the j th sampling interval is,
The quantity A rt P( j) is the volume of the harvested rain water in the tank with A rt being the area of the rooftop. Expressing this volume in terms of the initial volume V(0) in the tank using recurrence manipulation gives,
This volume is restricted by the tank's dimensions as follows
where V l and V u are the minimum and maximum volumes of the water in the tank respectively.
C Pump maintenance cost
Although the pump maintenance cost cannot be easily quantified, the total number of its switching is used to estimate the cost. Frequent switching (on/off) increases the mechanical stress induced in the pump [40] causing more wear and tear thereby increasing the maintenance cost while reducing the pump's life [41] . It is therefore necessary to minimize the interruption of the pump while in operation [42] by allowing a wider operation band [43] . In this paper, we propose two methods to deal with the issue. We called the first method the constraint method, which restricts the pump to a maximum number of switching on, s max , during the control horizon. (27) In this equation, the status of the pump at two adjacent sampling intervals is compared throughout the control horizon. The sum of the squares of this comparison is set to a maximum switching of 2s max in order to effectively minimize the maintenance cost. The second method is described in section 2.4.
D Watering restriction
The watering restriction constraint (12) now becomes.
E Boundaries
In addition to bounds (13) , the pump switch is bounded as
Algorithm
The generalized optimization formulation is similar to section 2.2.3 with the exception of the non-linear inequality constraint notation C(X) ≤ d. Vector X contains the control variables which are the status of the solenoid valve, u 1 , controlling the flow of the municipal water into the tank and the status of the switch controlling the pump, u 2 . Therefore,
From objective function (22) ,
where h l = is the initial height of the water in the tank. Then, the inequality constraints (23) and (26) can be written can be written in the standard form using matrix A and vector b as:
Similarly, the linear equality constraint (28)is written similarly to (20) with the following modifications A eq = 0 A eq N×2N b eq = b eq N×1 (37) and the boundaries (13) and (29) become
Finally, the non-linear inequality constraint (27) is written in the standard form
This non-linear binary problem is solved using the SCIP 6 optimization solver which is one of the fastest non-commercial solvers for mixed integer linear and non-linear programming available in the Matlab interface OPTI toolbox.
The Pretoria method to reduce pump maintenance cost
The maintenance cost of a pump, as mentioned earlier, is reduced by minimizing the switching times of the pump. The Pretoria method developed by Mathaba et.al. [42] introduces an auxiliary variable s( j) represented by a value 1 whenever a start-up occurs. This changes the objective function (22) to,
where α 3 is a weight factor. The objective is subject to constraints in 2.3.2 and
with s( j) ∈ {0, 1}. The first inequality in (41) initialises the auxiliary variable as the initial status of u 2 while the second favours the control that involves less switching. In similar veins, the optimization can be re-written in the standard linear form as 
and 
then the linear inequality constraints (23), (26) and (41) become,
while the linear equality constraint (28) becomes,
and finally, boundaries (13) and (29) become,
This binary linear problem is solved using the SCIP solver.
General data
Case study
Since there is no consolidated information on domestic water consumption in South Africa [21] , the case used was the Acclima TDT scheduling done by Blonquist Jr. et.al. [29] , who used the Kentucky bluegrass on a 280 m 2 field plot with Millville Silt Loam soil. The estimated rooting depth of the turfgrass was 30 cm with a MAD of 0.5. Further, the average daily evapotranspiration, ET c , was 3.77 mm and a precipitation of 1 mm was experienced. A controller was connected to the solenoid valve on the pipe to irrigate the lawn using a gear-driven sprinkler head (Hunter R PGP with a #9 in. nozzle) with an approximate flow rate of 0.374 l/s 7 .
Since the above case used municipal water directly without storing, a case study was conducted in Pretoria which showed that a typical house has a rooftop area of 120 m 2 and lawn irrigation is normally done in the morning between 8 and 10 am when workers report on duty.
Further, in this paper, the initial value of the soil water content, S (0), and water level in the tank, h(0), are taken as 29.1 cm and 18 cm respectively. In the model with RWH, equal weighting factors (α 1 = α 2 = 0.5) are chosen, because most end-users prefer both energy and water savings. Similarly, in the Pretoria method, α 1 = α 2 = 0.4, and the pump maintenance cost weighting factor, α 3 = 0.2 has less weight. Finally, in the constraint method, the maximum allowable number of pump switching, s max = 3.
Time-of-use electricity tariff
The time-of-use (TOU) tariff is commonly used globally [44] and it can vary by time of day, day of week and season [45] . Eskom's TOU Homeflex structure 8 for residential consumers given below is used [46] .
where p o f f is the off peak price, p peak is the peak time price, R is the South African currency, Rand, and t is the time of day in hours. The tariff has five charge components as service charge, net-work charge, environmental levy, peak charge and off-peak charges [47] 
Water tariffs
The city of Tshwane 9 has various water tariffs for different classes of consumers and the domestic consumers are charged using the rates in table 1. The monthly amount of water used for irrigation is assumed to be less than 6 m 3 meaning the unit price of water used p w = 6.81 (R/m 3 ).
Water tank and pump
There are various companies supplying water tanks in South Africa. Jojo's 10 1000 l cylindrical water tank with a diameter and height of 1.1 and 1 m respectively is used chosen. The lower and upper levels of the water in the tank are set as 0.12 and 1 m, respectively to avoid spilling the water from the tank as well as running it completely empty.
The pump chosen for this model is the Al-Ko HW 3000 Classic 11 , with a power rating of 650 W and a flow rate of 3.1 m 3 /h. It is ideal for small sprinklers and domestic applications. Figure 3a shows the optimal irrigation schedule. The schedule has three switching regimes with two taking place early in the morning. Another schedule takes place in the evening taking advantage of the low evapotranspiration rates as well as obey the by-laws. The water content in the soil, shown in figure 3b, is maintained within the required range, ensuring that there is no drainage from the soil as well as the soil doesn't become too dry. Figure 4 shows the comparison of the two switching minimization strategies used to reduce the pump switching frequency. The legend used is the same throughout this paper. The Pretoria method (figure 4a) optimally reduces the switching to the minimum feasible times. In this case, the strategy reduces the switching to two times during the entire control horizon. On the contrary, the constraint method (figure 4b), which explicitly sets the maximum number of possible switching (s max = 3), actually switches the pump 3 times during the control horizon. The constraint method however runs at a risk of infeasibility if the irrigation demand increases to a level where the pump must switch on more than the set s max . This shows that the Pretoria method is more effective in reducing the maintenance cost than the constraint method and it is therefore used in the later sections. It is important to note that both strategies incur the same cost of energy during the period, as the same amount of water is pumped for irrigation. Further, although in one day, the extra switching regime in the constraint method may not have very high difference in maintenance cost, over a long period of time, the extra switching will affect the maintenance cost by lowering the life cycle of the pump.
Simulation results and discussion
Optimal scheduling without rooftop water harvesting
Comparison of the switching strategies
Optimal scheduling with rooftop water harvesting
Two scenarios are analysed when incorporating rooftop water harvesting. The optimal schedules of the valve and the pump are shown in figure 5 in cases where there is no precipitation and when 1-mm of precipitation event occurs. The valve controlling the municipal water into the tank (figures 5a and 5c) uses negligible amount of power, hence it is allowed to operate throughout the control horizon irrespective of whether it is peak or off-peak in the TOU tariff.
This model has two state variables; height of water in the tank and depth of water in the soil. The height of water in the tank, h( j) = v( j) A tank , is obtained using equation (25) while the soil water variation is obtained using equation (10) . The variation of these variables during the control horizon is shown in figures 6 and 7 respectively. In both figures, left vertical axis represents the water level either in the tank or soil while the rainfall event is shown by the right axis. lawn which is met by optimally operating the pump as shown in figure 5b. The optimal schedule (figures 5a and 5b) have three tank filling and two irrigation regimes to ensure that the water level in the tank and the soil remain within the required height and depth respectively. The solenoid valve switches on at 00:30 causing the water level in the tank to rise to 0.65 m. The pump then switches on between 01:00 to 01:30 leading to the water height in the tank dropping to 0.18 m while the water level in the soil rises to 29.35 cm. The water height in the tank then rises again to 0.66 m until the solenoid valve switches off at 02:15 hours. The water level then remains constant both in the tank and the soil since both solenoid valve and pump are off and since it is early morning, the evapotranspiration losses are assumed as negligible. The controller then predicts that another irrigation is scheduled to start at 04:00 and opens the solenoid valve at 03:45. For the 15 minutes that only the solenoid valve is open, the water height in the tank further rises to 0.89 m and thereafter starts dropping when irrigation starts until when the pump switches off at 05:30 hours, where it remains constant for the rest of the day. This last irrigation event also causes the water level in the soil to rise to 29.85 cm, and thereafter the water content drops due to the evapotranspiration over the control horizon. Even though this scenario has no rain harvested, the irrigation schedule differs with the schedule in section 4.1 because of addition of the pump and water storage tank. However, about 6.7 mm of water is used for irrigation in both cases.
Scenario 2: Optimal schedule with precipitation
The optimal schedules for the valve and pump obtained assuming about 1-mm of precipitation event between midnight and 1 AM are shown in figures 5c and 5d. Since the rain is assumed to fall both on the rooftop and the lawn, both the valve and pump optimal schedules switch for less duration than when there is no precipitation taking place. The solenoid valve switches on at 01:00 hours but since there is precipitation taking place, it switches off in the next sampling interval. The harvesting of rain water and opening of the valve cause the height of the water in the tank to rise to 0.57 m. This precipitation event also causes the water level in the soil to rise to 29.31 cm. Thereafter the water level remains constant in both the tank and soil until 03:00 for the tank when the solenoid next switches on and 03:15 when the pump switches on. The pump switches off at 03:30 for 15 minutes enabling the water height in the tank to reach a peak of 0.93 m. Thereafter the pump switches on, while the solenoid valve is still filling the tank, until 05.15, where they both switch off. During this duration, the water height in the tank drops to 0.23 m while the water level in the soil rises to 29.89 cm. Thereafter, both the solenoid valve and the pump remain off for the rest of the control horizon. Therefore, the water height in the tank remain constant at 0.23 m while the water level in the soil drops due to evapotranspiration losses to 28.73 cm. About 5.9 mm of water is pumped for irrigation in this scenario.
With the 1-mm precipitation event, about 120 l of rain water is harvested from the rooftop and stored in the tank. Even though the same 1-mm rain is assumed to have fallen on the lawn, it is not sufficient to maintain the soil water content as required during the control horizon leading to about 5.9 mm of irrigation water being applied, which is less than 6.7 mm applied when no precipitation takes place. This leads to about 0.4 mm more water content being left in the soil at the end of the control horizon as seen in figure 7 . Part of this 5.9 mm of irrigation water is met by harvested water stored in the tank effectively leading to conservation of 120 l of municipal water during this day. Over a long time, with more precipitation events, more water would be harvested leading to even higher water conservation.
Discussion
The optimal irrigation scheduling without RWH is applicable if the water is always reliable and no rain water can be harvested from the building. In cases where the utility water is not reliable, like in developing nations, the water needs to be stored and pumped. The model incorporating RWH becomes useful. Table 2 shows the comparison of the two optimal irrigation scheduling and the techniques used by Blonquist Jr. et.al. [29] . The Acclima TDT sensor was connected to the the Acclima CS3500 controller and the irrigation results compared with the regular irrigation practice in the area [29] . The amount of irrigation water used in both models with and without RWH is the same. When the rain falls on the lawn, less water will be required to irrigate in order to meet the required level making the amount used in this scenario same in both models. Given the optimal model with no RWH is directly coupled to the municipal water, there are no associated direct energy costs. However, the model results in 14.7% of water conserved in relation to the Acclima TDT model, leading to a similar cost saving in a day. The water conservation is even higher; 17.4% with a similar cost saving, in relation to the regular water application. Unlike the other methods, the model reduces the amount irrigated even when a small amount of rainfall is experienced. a This cost was obtained after reduction of 120 l harvested water from the total water irrigated. b Pumping assumed to be done with the energy proportional to the amount of water irrigated. c Irrigation normally carried out in the morning during peak time.
The optimal model with RWH introduces energy costs from the pumping. Assuming there is no harvested water in the tank, the operational cost of the model with RWH is about 13% higher than the model with no RWH. However, with 1 mm precipitation, the model with RWH exhibits the lowest operational cost. It leads to about 7.1% reduction on the cost of water used for irrigation with respect to the optimal schedule with no RWH with the precipitation. There is a further 20.5% and 23.4% savings in the cost of water relative to the Acclima TDT and the regular water application respectively. In addition, the model results in 14.3% and 73.8% savings in energy cost relative to the Acclima TDT scheduling and regular irrigation practice respectively. The high savings in energy cost when compared to the regular irrigation occur because regular irrigation normally takes place during peak time.
It is important to note that although RWH introduces energy costs, the optimal irrigation scheduling with RWH, greatly reduces the operational cost by saving both the water and energy.
Conclusion
Optimal irrigation scheduling in urban lawns can have direct and indirect benefits. This paper shows the potential direct benefits including significant savings in the cost water by about 14.7% and 17.4% relative to the Acclima TDT scheduling and regular irrigation, respectively, when optimally scheduling using municipal water directly. Optimal scheduling with RWH lowers this cost even further by 20.5% and 23.4% relative to the Acclima TDT scheduling and regular irrigation respectively. Following implementation of water conservation measures, the consequent potential savings in energy cost in the RWH model are 14.3% and 73.8% relative to the Acclima TDT and regular irrigation respectively. These savings result from the load shifting to off-peak times as well as just the necessary amount of water is pumped to the lawn. Furthermore, the Pretoria method maximizes the pump life by minimizing the maintenance cost resulting from switching frequency better.
The optimal models can potentially lead to improved economic efficiency through cost savings of both water and energy. In addition, the optimal model with RWH best suits application in developing nations where water demand far surpasses the supply requiring water storage. It not only leads to water conservation but also reduces the demand of potable water from municipal sources as well as shifting and reducing the load on the power utility.
